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Abstract. This paper resolves affirmatively Koplienko's conjecture of 1984 on 
existence of higher order spectral shift measures. Moreover, the paper establishes 
absolute continuity of these measures and, thus, existence of the higher order 
spectral shift functions. A spectral shift function of order n £ IN is the func- 
tion rj„ = i1n,H,v such that 

for every sufficiently smooth function /, where H is a self-adjoint operator defined 
in a separable Hilbert space H and y is a self-adjoint operator in the ii-th Schatten- 
von Neumann ideal S". We show that );,i,H,v exists, integrable, and 

|'/>i|Il1(r) < C« ll^^lls" ' 

for some constant c„ depending only on ii G N. Existence and summabiUty of 
rji and r]2 were established by Krein in 1953 and Koplienko in 1984, respectively, 
whereas for n > 2 the problem was unresolved. Our method is derived from [22]; 
it also applies to the general semi-finite von Neumann algebra setting of the per- 
turbation theory. 



1. Introduction 

The first order spectral shift function rji originated from Lifshits' work on theo- 
retical physics [17]. The mathematical theory of this object was founded by Krein 
in a series of papers, starting with [15]. The spectral shift function has become a 
fimdamental object in perturbation theory. It can also be recognized as the scat- 
tering phase [5] and the spectral flow in a non-commutative geometry setting [3]. 
The original spectral shift function applies only in the case of trace class pertur- 
bations (or trace class differences of the resolvents). The modified second order 
spectral shift function for Hilbert-Schmidt perturbations was introduced by Ko- 
pUenko in [16]. In 1984, Koplienko also conjectured existence of the higher order 
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spectral shift measures v„, n > 2, for the perturbation V inS" such that 

1 ^ 



Tr (/(H + y)-'gl-^[/(H + fy)] = if^-){t)dv,{t). (1.1) 
V k=0 



t=0 / JR 



In [16], KopHenko offered a proof which contained an unremovable gap (see [13] 
for details and [7, 14] for additional comments and historical information). In this 
paper, we prove existence and absolute continuity of v„ . Note that the density of 
v„ is the spectral shift function rjn ■ 

Before stating the main result, we need to fix some notation. Throughout the 
paper, n denotes a natural number. Let C" denote the space of all n times con- 
tinuously differentiable complex-valued functions on R, C" the subclass of C" of 
compactly supported functions. We also set C := and Q := Cj? and let Cj, de- 
note the subclass of continuous boimded functions. Let W„ C C" be the class of all 
functions / G C" such that the Fourier transform of /^"^ is integrable. For / G W„, 
we set 

ll/llw„ := / 



ds. 

The class V\f„ includes the functions / for which and /("+^) are in L^(]R) [23, 
Lemma 7]. In particular, C"^^ C VV„. 

The first and second order spectral shift functions have been introduced in the 
von Neumann algebra setting as well. Let M C B(]H) be a semifinite von Neu- 
mann algebra and t a normal faithful semifinite trace on M. Let denote the 
noncommutative L'*-space with respect to (M, t) and the r-Schatten-von Neu- 
mann ideal n M (see, e.g., [2,21] and references cited therein for basic definitions 
and facts). The existence of fj\ and fj2 satisfying (|0.11 , where the standard trace Tr 
is replaced with t and V is taken from and respectively, is due to [1, 8] 
and [13]. 

The main result of the paper is stated below. 

Theorem 1.1. Let n G N. Let H bea self-adjoint operator affiliated with M and let V be 
a self-adjoint operator in £". Denote Ht := H + tV, < t < 1, and let f e n^'^^W^. 
Denote 

Kj{H, V) :=fiH + V)- J: 1 [/ (H,)] 



fc' dtl^ 



(1.2) 

t=o 



Then A„|(H, V) G £^ and there is a unique function f]„ = r]n,H,v G ^'^(I'^) depending 
only on n, H, V such that 

T (^A„jiH,V)) = J^f'^"\t)f^nit)dt (1.3) 
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and 

WVnWi < C„ \\V\\" . 

The existence of vi via double operator integration techniques was established 
in [6]. The absolute continuity of vj, or, equivalently, the existence of rji, was 
established by Krein years before the development of double operator integration 
by analytic function and approximation theory techniques. Up to date, there is 
no double operator integral proof of the absolute continuity of rj^. The proof of 
the existence of t]2 is due to Koplienko; it is a more delicate application of double 
operator integration. The existence of rj2 is also established in the present paper. 

Our proof of Theorem 11.11 (see Section |2]l for n > 2 is based on a new powerful 
estimate for multiple operator integrals (see Theorem l2.1l in Section|2]and Theorem 
15.31 in Section [Sjl, which extends the advances of [22] for the first order case to 
the higher order ones. The spectral shift fimction of order n, with n > 2, was 
constructed explicitly in [13,25,26] imder the restrictive assumptions V E jC^ when 
M = B(]H) and V G n = 3 when M is a general semi-finite von Neumann 
algebra. The higher order ?]„ can be expressed recursively via the lower order rj;^, 
k<n. 

The paper is organized as follows. The proof of Theorem 1 1.1 1 is given in Section 
12 The technically involved auxiliary results are proved in several steps in sub- 
sequent sections. A novel approach to multiple operator integrals suitable to the 
purposes of this paper is discussed in Section|3l 



2. Proof of the main result 

Our proof is based on the following powerful estimate for the remainder of the 
Taylor-type approximation in II1.3I I. 



Theorem 2.1. Let m G N. Let Hbea self-adjoint operator affiliated with M and let V bea 
self-adjoint operator in Denote Ht := H + tV,0 < t < 1, and let f e n^^gW/^. Then 
[f {Ht)] G flwrf ^n,f{H, V) e £^ and there are constants Cn and c'„ (depending 
only on n) such that the estimates 



and 



[An,fiH,V) 



< c„ 



< c' 



f(n) 



fin) 



\V\ 



(2.1) 



(2.2) 
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hold. In addition, the mapping V t-^ t \^A„ jr{H,V)j is continuous on C" uniformly 
with respect to f in (h^^q Wj-) fl B, where B is the unit ball ofC" taken with the seminorm 

/-Il/("'l|cc. 

The proof of Theorem 12.11 is given in the following sections. Assuming that 
Theorem l2.1l holds, we prove Theorem ll.il 

Proof of Theorem [Q] By the inequality Il2.2b applied to all / e C"+^, the Riesz rep- 
resentation theorem for a bounded linear functional on the space of continuous 
functions on a compact set ensures existence of a unique finite real-valued mea- 
sure Vn on R, with 

\\Vn\\<Cn\\V\\l, (2.3) 

and such that 



{K,f{H,V)) = l^f^"\t)dv„{t). 



(2.4) 



To finish the proof, we need to demonstrate the absolute continuity of v„ for n >2 
(absolute continuity of vj was established in [1,8,15]). 

Firstly, we assume that V e £^ C £" and, therefore. Theorem 12.11 guarantees 
that A„ yr(H, y) e Then, for every / e C", integration by parts gives 

T(A„_i,^(H,y)) = jj^"-^\t)dvn-i{t) = -jj^"\t)vn-i{{-^,t))dt. (2.5) 

By (12. H , we have 



n-1 



jr{n-l 



\V\\:zl fee-, 



and thus the Riesz representation theorem implies the existence of a unique finite 
measure }in-i on R such that 



jti—l 



= -j^f''\t)l,,-M-y^,l))dL (2.6) 
By combining I I2.5II and 112.61 1 in I I1.2II , we obtain 

T(A„,^(H,y)) = |^/(«)(0[;,„„i((-c«,t))-v„_i((-OO,f))] dt, 

which along with (|2.4b implies that i/„ is absolutely continuous and its density 
equals 

Vn{t) = Fn-l((-C»,t)) - V„_i((-00,f)). 

Due to (12.31 1, we have that ||j7«||i < c„||y||". Thus, the existence of the spectral shift 
function of order n is proved for V e 
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To prove the existence of rj„ in the case of a general V G we choose a se- 
quence of operators { Vj-}^- C £^ such that hm^-^co II ^ ~ ^fc II « ~^ {see, e.g., [9]). We 
now show that the sequence of the (integrable) spectral shift functions {']n,H,Vi,}k 
is Cauchy in (]R). First, by duality, we obtain 



R 



nn,H,Vj{t) - Vn,H,V,{t) 



dt 



sup 

/6C?, ||/(")||oo<l 



J^{vn,H,V^{t)-f]n,H,V,{t))f^"\t)dt 



By dlill. 



{rin,H,Vf{t) - Vn,H,v,{t)) f^"Ht) dt = |t [A„,f{H, Vj) - A„jiH, V,) 
The uniform continuity of V ^ T ( A„ yr(H, V) ) (see Theorem l2.1l l implies 



lim 



f]n,H,V:{t) - nn,H,Vt(^) 



dt = 0. 



Thus, the sequence {f]n,H,Vi^}k converges to an integrable function, which we de- 
note by t]n,Hy- Since L^-norms of the functions ^n,Hyk' ^ ^ uniformly 
bounded by c„ 1 1 V 1 1 we obtain 

hn,H,vh < c„l|y||^. 

By passing to the limit in the representation 

T(A„,^(H,y,)) = J^f("Ht)f]„,HMt)dt 

as Vjf — > V, we obtain that i]n,H,v satisfies the trace formula (|0.11 and, thus, it is 
the spectral shift fimction of order n corresponding to the general perturbation 
V eC". □ 

Remark 2.2. The earlier mentioned explicit representation of [13] for i],, along with 
the summability of rjn implies 



/ r]„{t)dt = T{V")/n\ 

JR 



(2.7) 



for V in the Hilbert-Schmidt class [25] and thus, by approximations, for V in the 
n-th Schatten von Neumann ideal. We remark that the equality l|2.7b is a routine 
calculation in the case of a bounded operator H (for more details see, e.g., [13, 
Lemma 3.5]). It follows from the trace formula l|1.3|l applied to a fimction / G W„, 
which coincides with the polynomial f" on the spectra of all operators involved 
in (11.311 . The property l|2.7|l in the case of an unbounded operator H can also be 
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obtained by approximations from the bounded case. The equality l|2.7|l for n = 1 
was obtained in [1, 15] and for n = 2m [19]. 

3. Multiple Operator Integrals 

Let H be a self-adjoint linear operator affiliated with M and let dE;^, A G IR be 
the corresponding spectral measure. We set E; = E 4' every m e N 

and Z G Z. The symbols H, dE^ and E/ „j will keep their meaning for the rest of the 
manuscript. 

Definition 3.1. Let n e N and let 1 < ay < oo, with 1 < ; < n, be such that 
0<:^ + ... + -^<l. Let x: E L'^i and denote x := (xi, . . . ,x,,). Fix a bounded 
Borel function (p : ]R"+^ C. Suppose that for every m G N, the serieq_| 

S(p ni{^) •= y~! (p ( / • ■ • / ) El „X-[Ei „X2 ■ . . . ■ X„Ei 

converges in the norm of L'^, where | = ^ + • ■ • + ^ and 

X ^ S<p^m{x), e N, 

is a sequence of bounded polylinear operators L**! x . . . x L*" L*. If the se- 
quence of operators { S^,,„ } converges strongly to some polylinear operator T^, 
then, according to the Banach-Steinhaus theorem, | S^,m } „,>i is uniformly bounded 
and the operator is also boimded. The operator is called the multiple oper- 
ator integral associated with (p and the operator H (or the spectral measure dE;^). 
If exists as above and bounded, we shall be simply saying that is bounded 
on L**! X ... X L*" for brevity. 

Throughout the paper, we shall frequently use the following algebraic proper- 
ties of the mapping (p ^ T^. The proof is immediate from the definition above. 

Lemma 3.2. Let 1 < a,- < oo, for 1 < i < n, be such that 0<:^ + ... + :7-<l. 
Let Xj e L"/, l<j<n. 

(i) Let ^ : ]R"+^ I— > C be bounded Borel and let be bounded on L'^'^ x . . . x L"". 

V 



'/'(Aq/Ai,. . .,A„) := (p{\n,K-lr- ■ -/Aq), 



then is bounded on L"i x . . . x L"« and 



^understood as limN^<x, E|/,|<n,/<o<« 'P ^ 'ik) E/o,m-'>-'iE/i,m^2 ■ ■ • ■ ■ ^»E/„„ 
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(ii) Assume, in addition, that 1 < an < oo and ^ + ■ ■ ■ + 4- = 1- 4> '■ IR"^ ^ 
Cbe a bounded Borel function. Assume that exists and is bounded on L"i x 
. . . X L"" . Define 

cj)*{Xn,^0>- ■ -/An-i) := ^(Aq,. . .,A„_i,A„) . 
If Tip* exists and is bounded on L"" x . . . x L""-i, then^ 

T {xoT,p{Xi, . . . , X„)) = T(r^t {Xq, . . . , Xn-l) X„) . 

(iii) Let (pi : ]R*^+^ C flnrf (^2 ^ ]R''~'^+^ ^ C bounded Borel functions such that 
the operators T^j awd ^^'st and are bounded on U^^ x . . . L"'^ and L^f^+i x 
... X L"", respectively. If 

ip(Ao, . . .,A„) := (Aq, . . .,A;t) ■ fpi (A/c, . . .,A„) , 
f/jen the operator exists and is bounded onL'^^ x . . . x L*" and 

Tip (^1/ • ■ • / ^n) = T(p^ [xi, . . . , Xjf) ■ T^p^ i^k+lr ■ ■ ■ r^n) ■ 

(iv) Let (pi : ]R*^+^ C and (p2 : ^"^^^+2 ^ c bounded Borel functions such 
that T(p^ and T^^ ^^'st awd are bounded on L'^^ x . . . x L"'^ and x L"*+i x 
... X L*", respectively, where i = ^ + . . . + ^. /f 

!/?(Ao, . . .,A„) := ^1 (Ao, . . .,A;c) ■ (p2 (Ao,Ajt, . . .,A„), 

f/zen the operator T^ exists and is bounded onL'^^ x . . . x L*" and 

Tip {Xi, . . . ,Xn) = Tip2 {Tcpi {xi, . . . , Xj-), ^t+l/ • ■ • / -'^n) • 



The next lemma shows that in dealing with the operators it is always suffi- 
cient to consider compactly supported functions (p. 

Note that we do not imply boundedness of from that of T^. This is due to the fact that strong 
operator topology is not well compatible with duality, i.e., there is an example of a sequence of opera- 
tors converging strongly such that the sequence of dual operators does not converge. 
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Lemma 3.3. Let (p : ]R"+^ ^ Che a bounded Borel function and let 1 < ocj < oo, with 
1< j <n,be such that 0<^ + ... + ^<l. If 



cj>k (A) : = 



(p (a) , zf I A^- 1 < k,for every < j < n; 
0, otherwise, 



where A = (Aq, . . .,A„) e ]R"+^, and if the sequence of the operators {T^j-j^j exists 
and is uniformly bounded onU^^ x . . . x L"", then the operator exists and is bounded 
(with the same norm estimate) on L'^^ x . . . x L"^" . 

Proof of Lemma\33\ Let = E{[-k,k]) and let L« = F^L'^F^ C L"=. Observe that if 
the collection x such that Xj e L^.', then 

Since the operator T^^ exists and is bounded, the sequence {ym}m>l converges in 
for every k > 1. Hence, the operator is well defined and bounded on the 
subspace Ua:>i ^ • ■ • ^ ^t"- Since the set Ujt>i ^ ■ ■ ■ ^ ^t" is norm dense 
in L"^! X . . . x L*", the operator is well defined on L*i x . . . x L"^" . □ 

Remark 3.4. In the special case n = 1, the polylinear operator becomes a linear 
operator on L** . In this case, the operator is called the double operator integral 
[18] (see also references cited in [6,18]). In particular, it is known that on the Hilbert 
space L^, the norm of the operator is bounded by ||<^'||oo, for every bounded 
Borel (p. Note that this nice Hilbert space behaviour is exclusive to the case n — 1. 
For n > 2 it seems there is no combination of exponents ai, . . .,a„ such that is 
bounded for every boimded Borel (p. 

We next introduce the subclass of functions (p for which it is relatively simple 
to show that the operator is bounded, though the functions themselves have 
rather complex structure. 

Let €n be the class of functions (p : ]R"+^ i— > C admitting the representation 

(p{Xo, . . . , \n) = / nflj(A^-,s)d//(s), (3.1) 
•'^ j=0 

for some finite measure space {Ci,n) and bounded continuous functions 



fl; (-,3) : ]R C 
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for which there is a growing sequence of measurable subsets {Cii^}^^^, with Ci^- C 
Q and Uj->inj. = Ci, such that the families 

are uniformly bounded and uniformly continuous. The class €n has the norm 

f " 



"/=0 

where the infimum is taken over all possible representations (13.1b . 

The following lemma demonstrates that for / e Definition 13.11 coincides 
with the one in [2,20]. 

Lemma 3.5. Let 1 < a^- < oo, ivith 1 < j < n,be such that 0<^ + ... + ^<l. For 

every (p e €„, the operator exists and is bounded on L'^^ x . . . x L*", with 

\\t4 ^ Me,,- 

Moreover, given the decomposition i3.1i of the function (p, the operator can be repre- 
sented as the Bochner integral 



TJxi,X2,...,Xn)= ao{H,s) xiai{H,s) X2- ■ . ■ ■ Xna„(H,s) d}i{s). (3.2) 
in 

Proof of Lemma |331 Due to the choice of functions aj, the operator 

fip{xi,X2,...,x„) := 1^ ao{H,s) xifli(H,s) xj- x„fl„(H,s) d}i{s) (3.3) 



in 

is bounded on L*i x . . . x L*", with 



Let us show that T(p coincides with the multiple operator integral given by Def- 
inition|3ll Let H,„ := X];^^ TH^lm- Clearly, 

\\H-Hm\\<-. (3.4) 
m 

By analogy with I I3.3II , we set 

f^,m{xi,X2,. . .,x„) := J^ao{Hm,s) Xifli(H„„s) X2 ■ • ■ • ■ x„a„{Hm,s) d}i{s). 
It can be seen that the operator „, coincides with Sm,ip in Definition 13. 11 i.e., 

5(p,m (^) ~ Tip^jfi (x) , X = (xj, . . . , Xji). (3.5) 
Thus, to finish the proof, it suffices to show that 

lim ||rrf,,,„(x)-rrf,(x)|| =0, X = (xi, . . .,x„) . 
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To this end, fix x — [x\, . . . ,x„), fix e > 0, and fix a number fc,? G N such that 



flhi-'')\Ld\^\is)<e. (3.6) 



We next set 

ye 



:= / a()(H,s)xi ■ . . . ■ Xna„(H,s) du(s) and 

J^ke 

ye,m--= I ao{Hm,s)xi- ...■Xna„{HnuS)d}l{s). 

The estimate (13.611 implies 

||r^(f) -y^ll^ < e and \\f^^„,{x)-ye,m\\^<e. (3.7) 

Since the family of functions {fl;(-/S)}sgn^^/ < < n, is uniformly continuous, 
we derive from l|3.4|l existence of G N such that 

\\ye - ye,m\\a < for any m > nie. (3.8) 

Combining ||33), l|3.7l l, and Il3.8l l implies that for every e > 0, there exists me e N 
such that for every m > m^, 

\\f<p{x) - r^,„,(x)||^ < ||f^(x) -ye||^ + \\ye-ye,m\\^ + \\ye,in - f^,m{^)\\^ < 3e, 

completing the proof. □ 

Recall that for / G W„, the operator derivative ^ [f{H + tV)] is given by the 
integral r^[„] [2,20] where is the divided difference. The divided difference of 
the zeroth order /l*^] is the function / itself. Let Ag, Aj, . . . E IR and let f E C". The 
divided difference of order n is defined recursively by 

;[.-ll(Ao,A) /[-ll(A,,A) if^^^^. 



/'"J (Ao,Ai,A 



3f^/["-i](Ai,A), ifAo = Ai, 



where A = (A2, . . . , A„) e IR''"^ It is clear that if / e C", then the divided differ- 
ence /["I is a continuous function on ]R"+^. If / 6 W„, then /["I G [2, Lemma 
2.3]. 

4. Demonstration of the method. 

The proof of Theorem 12.11 is rather technical, so we choose the following ap- 
proach. In the present section, we firstly demonstrate the principal techniques of 
the proof in the simplest case n = 1. It was already established in [22], but the 
method of [22] does not allow extension to the higher dimensions. Here we give 
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an alternative proof suitable for our present purpose and outline the scheme of 
the proof for n > 2. The detailed proof of Theorem 12.11 will be given in the next 
section. 

The case n = 1. To make the demonstration simpler, we assume that the spectrum 
of the operator H is concentrated in the integral points, i.e., if ^Ea/ A g ]R is the 
spectral measure of H, then 

E(B) = ^ B C MisBorel, 

/eBnz 

where E = {Ei}i^^ is a family of pairwise orthogonal projections and YlieZ — 1- 
The operator T ^[\\ associated with H is given by the multiple sum 

l.meZ. 

We shall also consider /W only on compact subsets (as in Lemma l33ll ; however, we 
shall not reflect this in our notations. The latter enables to replace double operator 
integrals with finite sums. Note also that the estimates we present below do not 
depend on the support of /[^l. 

Theorem 4.1 ( [22, Theorem 2]). Iff E and ||/'l|oo < oo, then the operator T^[i] is 
hounded on every L", with 1 < a < oo, and 



<Ca \\f'\ 



where the constant Ca depends only on a. 

The proof of Theorem l4.1l is based on the following lemmas. 
Lemma 4.2 ( [22, Lemma 5]). There is a function g :'R>-^ C such that 

\s\" \g{s)\ ds < +00, n>0, 



and such that, for every ii> X> 0, 

Lemma 4.3 ( [22, Lemma 4]). Eet x e L", with 1 < a < oo. Then 

l<m 

is well defined and there is a constant c^ > such that 

IksL < (1 + |s|) ||x||„. 

The principal step toward Theorem 14. II is the following lemma. 
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Lemma 4.4. Let 2 < a, fi < oo be such that 2 ^ = a ^ + /3 ^. Then there is a con- 
stant Co, > such that, for every f e with \\f'\\^ < 1, 



< Cecil 



where 



is the norm of the operator : L** L". 

a J 



Throughout the text, we agree that the constant symbols are allowed to vary 
from line to line, or even within a line. 

Proof of Lemma l4!4l Let x e L" and let y & L"^ where a' is the conjugate exponent, 
1. We shall prove the estimate 



i.e., a ^ + a' ^ 



[yTfii] (x) 



Ma WvL" 



for some constant > 0, which immediately implies the claim of the lemma. 

Let us fix X G and y G . Without loss of generality, we may assume 
that = = 1. The triangular truncation is a bounded linear operator 

on L**, 1 < a < 00 (see, e.g., [12]). Thus, we may further assume that the operator x 
is upper-triangular and y is lower- triangular with respect to the family {E;};g^|^ 
We also may assume that x is off-diagonal as r^(i] is trivially boimded on the diag- 
onal subspace of L'^. 

We can assume that y has T-finite left and right supports because the class 
of lower-triangular operators with T-finite supports is norm dense in the lower- 
triangular part of L**'. Let us fix e > 0. Since = 2 + ^/ there is a factorization 
y = ah, where a E L^ and b E L^ are lower- triangular and 



(4.1) 



Such factorization always exists due to [21, Theorem 8.3]. 

For every element z E M, we set z;^ := EizE„i for brevity. Since x is upper 
triangular and y is lower triangular, 

'^(yTfii]{x)) =T(abT^li]{x)] = J2 f^^\lm)'^{'^mkhixim) ■ 

l<k<m 



Observing the straightforward decomposition 



/W(/,m) = ^/W(/,fc) + ^ 
I — m 



m 



I — m 



f^'^\k,m), I <k<m,l ^m. 



(4.2) 



An element j £ M is called upper-triangular with respect to a family of pairwise orthogonal pro- 
jections {E/}(g2 if only if E;xE,„ = for every / > m; it is called lower-triangular if and only if x* is 
upper-triangular. 
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we obtain 

T(y7}iii(^) 



^ I-k 
^ l-m 



l<k<m 



k — m 
I — m 



T T 



l<k<m 

We shall estimate the term Si- The estimate for the term S2 can be obtained simi- 
larly. Observe that Lemma [4.21 yields the representation 

^ = / ^(s) (k - if (m - ds, l<k<m, 
l-m Jk 

where g : R ^ C is such that 

J \s\" \g{s) \ ds < +00, n > 0. 
Thus, if we set (as in Lemma [4.3t 



(4.3) 



X, := ^ (m-lf x,^ and := ^(fc-/)" (t^wW)^^, s 6 R, 

l<m ' ''' 



l<k 



then, by Lemma l3^l|iii|l . 

Si 



s) T (a \ Tjrii]{b)] x-s) ds. 



Subsequent application of the noncommutative Holder inequality. Lemma 14.31 to 
both (^Tjrii] (b)^ and Xs, and the estimate I l4.1b implies 



Tfmib) 



< Co, (1+ |s|; 

< Ca {l + \s\f 



^/lll(^) 



< (1+ Isl 



[l + e). 



From | |4.3|I , we derive 



|Si| < Ca{l + e) 



(l + |s|) |g(s)| ds < ca (l + e) 



Observing that e > was arbitrary, we finally arrive at 



|Si| < Ca 



The estimate of the term S2 is even simpler due to the fact that the element a 



belongs to the Hilbert space and, therefore, the factor 
||/'||t» < 1 by Remark l3.4l In other words, we have 



does not exceed 



IS2I < Co,. 
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Combining the estimates for Sj and S2, we finally obtain 



The lemma is completely proved. 



< 1 + 



□ 



Proof of Theorem \4l\ Without loss of generality we assume that ||/'||^ < 1. Due 
to complex interpolation and duality, it is sufficient to give the proof when a is 
"close" to 00. 

Fix 2 < a < 00 sufficiently large and f ix 2 < /5 < 00 such that j = ^ + ^ ■ The 
exponent j6 approaches 2 as a ^ 00. Now, on one hand. Lemma [4.41 gives 



< c« 1 + 



and, on the other hand, the complex interpolation method [4, 11] provides ^ 

2-1 -r' 



< 



, where 6 



2-1 



-1 ■ 



The latter two inequalities, combined together, imply 



completing the proof. 



□ 



The case n > 2. This is reduced to the case n = 1. The reduction is based on the 
following representation for /l^l : 



f^^\l,k,m) 



l-k 
1 — m 



k — m 



I — m 



(p2{m,k), 



„ , fWn,m) - f'(m) ,^ 
where (p2{l,m) = ■'- — ^ \ ' J ^ ' . (4.4) 



I — m 



For simplicity assume that I < k < m and I ^ m.To see the case n = 2, we have to 
prove that the multiple operator integrals for both functions 

J — -(p2{l,k) and ^ — —(p2{m,k) 
I — m I — m 

are bounded. Let us consider the first summand in the decomposition for /P] 

above. Lemma 22] gives 

^ g{s) {I - kf (/ - m)-'' ds, l<k<m, 



I — m 



which implies that we need to study the operator 

Ts{x,y)= J2 {k-lf{m-l)-''cp2{Lk)EixE0Er, 

l<k<m 



Note that 9 approaches as a runs to 00; note also that T 



< 1. 
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If Rg is the mapping x i-^ Xs from Lemma [4.31 then, by Lemma |3]2](|iv), 

Ts{x,y) = R-s{T^{Rs{x))y). 

Since Rs is bounded (see Lemma l43l l, Tg is also bounded, provided is bounded, 
i.e., we have reduced the question on the triple operator integral down to the ques- 
tion on the double one. 

We shall present a detailed technical account of the scheme above in the fol- 
lowing section. We shall use the method of mathematical induction. The base of 
induction is proving that the operator associated with <p2, or in general, with <^,„, 
introduced below, is bounded. This part is done in Theorem 15.61 It follows the 
lines of the proof of Theorem 14.11 with appropriate adjustments. The step of in- 
duction is reduction as in (|4.4b . This part is done in Lemma 15.81 The scheme is 
finalised in the proof of Theorem l5.3l 



5. Proof of TheoremIITTI 

In this section, we prove Theorem l2.1l and this requires some preparation. 

Polynomial integral momenta. Let P„ be the class of polynomials of n variables 
with real coefficients. Let k > and let S'^ be the simplex 

= I (so, . . . , s„) e ]R"+^ : = S; > 0, < ;■ < n| . 

We equip the simplex SJJ with the Lebesgue surface measure da„ defined by 

J^^ (p{so, ...,S„)dcr„ = J^^(p ^So, . . . , S„„i, ~ I] ^j^ '^^n, (5.1) 

for every continuous function (p : ]R"+^ i— > C, where 

Rl = |(so,...,s„_i) e R" : "^^s^' < K, Sj > 0, </ < n| 

and dvn is the Lebesgue measure on R". The multiple integrals in l|5.Hl can be 
reduced to iterated integrals, which is demonstrated in the proof of Lemma 15.11 
below. It can be seen via a straightforward change of variables in (15.1b that the 
measure do",, is invariant under any permutation of the variables So, . . . ,Sn. We 
set S„ := S\ and K„ := R^,. 
Let 

n 

s = (si,...,s„) e _R„, (so,s)eS„, so = l-^sy. 
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Given h G C^, and p E Pn, we introduce 



(pfixp (^) = / P (s) ^ E ^i^^i (5-2) 

where A = (Aq, . . .,A„) e ]R"+^. We shall call the function (pnj^^p a polynomial 
integral momentum. The function ^„ is continuous since h is. 

The following routine fact shows that the polynomial integral momentum is a 
generalization of the divided difference. 

Lemma 5.1. For f e C\ f^"'\ = (p„ji„)^r 
Proof. We have that 

= j /"'f EsyA„+ Es^(A„_i-A„) + --- + 

+ E Sy(Ai - A2) + so(Ao - Ai)^ dan. 
j=o / 

By substituting 1 = Ej=oSj, fi = Epjsy, f„-i = EyLo^i' '^"'^ *0 = Sq in the 
latter integral, we obtain 

r dti dt2... f''"' f^"'>ix„+{\„_i-A„)ti+---+i\o-M)t„)dt„, 

Jo Jo Jo 

which equals /["I (Aq, Ai, . . . , A„) by [10, Formula (7.12)]. □ 
Lemma 5.2. If h E Wq and p G Pn, then (pn,h,n G md 



Proof of Lemma W^ Since /z G Wq, we have g := h E (M), i.e.. 
Observing that 



y/=0 / •'^ j=0 



implies 

^n,h,A~^)=[ f fle'''i^ipis)gis)dands. 

JK. JSn j—Q 

Thus, choosing the finite measure space (R x S„,^(s) ds x p(s) d(7„) and functions 



y(s,s,0 = e"'i', <i <n, 
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in II3.1II , we obtain that ^„^h,p G and 



'Pn,h,t 



Wo sup |p(s)l, 

sGR„ 



completing the proof. □ 

It follows immediately from Lemmas l3.5l and l5^ that the multiple operator inte- 
gral T^^^ ,^ p associated with the function (pn,h,p is boimded on every L*i x . . . x U^" , 
with 0<^ + ... + ^<l, provided h € Wq. The principal step toward Theorem 
12. H is the following improvement of the observation above. 

Theorem 5.3. Let p E Pn and h G Q,. Let 1 < ocj < oo, for 1 < j < n, be such that 
0<^ + ... + ^<l. Then the operator T^^^^^ exists and is bounded on every L*i x 
... X L'^" and 



'Pn,h,p 



< Cn,p \\h 



where the constant Cn,p > depends only on the exponents tXj, j = l,2,...,n, the poly- 
nomial p, and dimension n. 

Remark 5.4. Theorem 15.31 and Lemma 15.11 imply that, for every / G C", T^[„] is 
boimded on L**! x . . . x L'^", with 0<J- + ... + ^<l and 



< Cn 



in) 



Theorem 15.31 and discrete spectral measures. Before proceeding to the principal 
part of the proof of Theorem l5.31 let us observe that essentially it needs only to be 
proved in the case when the operator H has discrete spectrum. As soon as that is 
done, the rest of the proof is a straightforward approximation. This observation is 
formalized in the following lemma. 

Lemma 5.5. Let « e N, p e P„, and let {Eiji^^^ be a sequence ofpairwise orthogonal 
spectral projections such that Yliex ~ 1- ^^t 1 < a, ay < oo, x g L'^i ,for !</<«, 
and 0<| = ^ + -.- + ^<l. If, for every h E Q, the series 

Sh{x) ■■= J2 'Pn,h,p{k,h,---Jn) EigXiEi^X2- ...-XnEi^, (5.3) 

where x = {xi, . . .,x„), converges in L", the mapping 

X S;,(x) 

z's bounded on L'^^ x . . . x L*" independently of the sequence {Ei}i^^ with the norm 

IIS/^II < C„^p ll^lloo ' 

then the claim ofTheorem \5.3\ holds. 
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Proof of Lemma \5^ We observe that, by Lemma [3.31 it is enough to consider ip„^h,p 
only on compact subsets of R"+^ and, therefore the sum in (|5.3|l is finite. 

Let h E Cc- Fix n G N, p G P„. Observe that the assumption of the lemma 
implies that the series 

ym '■= 'Pn.h.p i ' • • • ' ) ^ln,m^l^U,m^2 ■ ■ ■ ' ^n^l„m (5-4) 

converges in L"- and the mappings 

^h,m '■ ^ ^ ym 

from Definition l3. 1 l are uniformly bounded polylinear operators on x . . . x L*", 
with 

Ph,m\\ < Cn,p \M^- (5.5) 

Indeed, in order to see that l|5.41 fits to l|5.3b we just need to take E; = E/ I e Z, 
and replace h in I l5.3b with the function hi[t) = h {-^), f G R. 

Thus, we see that to finish the proof of the lemma, we have only to show that 
for every fixed collection {xj}'j^Q C L''' , the sequence {ym}m>i converges in L*. 

We shall show that the sequence {ym}m>i is Cauchy. Fix e > and fix a C~- 
function h such that 

ll'^-^L<7^' (5-6) 

where c„,p is taken from Il5.5b . Let y„, := ,„(^)- By Lemma |5^ (p^^ ^, ^ G £„, and, 
hence. Definition 13.11 and Lemma 1X51 imply that the sequence {ym}„,>i is Cauchy. 
That is, there is G N such that 

lly™ -ym'lL < iorm,m'>me. (5.7) 

Since 

ym — ym = Sh-h,m(^)' 

by Il5.5|l and (|5.6b 

||l/m-ym|L<e, Tfl > 1. 

Combining the latter with H5.7I I implies that for every e > 0, there is me G N such 
that for all m, m' > nie, 

\\ym-ym'\\a < llVm - L + H^m - y„,' L + ||y„,' " y„,' IL <3e. 



The lemma is proved. 



□ 
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Now we shall prove Theorem l5.3l following: the scheme outlined in Section|4l 
By Lemma [5.51 without loss of generality, we assume that the spectrum of the 

operator H is concentrated in the integral points, i.e., if dE;^ is the spectral measure 

of H, then 

E(B) = J2 E,, B C MisBorel, 

where E = {Eij^^^ is a spectral family. The operator T"^,,,, ^ associated with H is 
given by the finite multiple sum 

^nApi^l'-'-'^n) = J2 ^n,h,p ik, ■ ■ ■ Jn) ElgXiEi^X2 ■ . . . ■ XnEi^^. (5.8) 



By Lemma 13. 3[ it is enough to consider the polynomial integral momenta ^n,h,p 
only on compact sets. Therefore, T^^ /, p is given by the finite sum in the proofs 
below. 

The base of induction. Note that upon integrating by parts, the function (p2{^, }i) 
in J4.4b can be expressed as 

/W(a,f)-/'(f) 



X — }i 

^ (i/'(A + (^ - A)f) i; - fi^)) + tf"{A +{^- A)f) dt 



A — fi 

= f\f{A+{ji-\)t)dt. 
Jo 

The function (p2{A, }i) is a particular case of the more general function 

<Pm,h{^'¥) = f\'"-'h{^+{}i-mdt, (5.9) 
Jo 

where h G Ci, and m G N. Note that cp^ i,, in its turn, is the special case of (p„fi^p 
given by I l5.2l l with n = 1 and p{t) = t"^~^. In particular, ii m — 1, then (piji = /W 
(see, e.g.. Lemma ISAll . 

The following theorem strengthens Theorem l4.1l 

Theorem 5.6. Let h E Cj,, m G N, and let (p^ ^i be as in (|5.9|l . Then the operator T^^f^ is 
bounded on every L", 1 < a < oo, and 



'^<Pm,h 



< Ca,m \\h\ 



The special case m = 1 of Theorem 15.61 is equivalent to Theorem 14. 1 1 with h = 
f. For m > 1, the proof of Theorem 15.61 repeats the one of Theorem 14.11 with 
technical modifications. Recall that the key step in the proof of Theorem 14.11 is 
the decomposition ||4.2|I . For Theorem 15.61 we shall need the following extension 
of (113. 
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Lemma 5.7. Let h e Cj,, m e N, and let i^,,, /, be as in i5.9i . Suppose that \ < ^ < }i 
and ^ fi- Then 



\ — ji 



(r 


-I) 


n- 


1 






VA- 





(5.10) 



Proof of Lemma \5J\ Denote ^ = and a; = We start with splitting 

'Pm,hi^'V)= r~^h{A+i}i-A)t)dt= (\ f\ 
Jo Jo Ji: 



(5.11) 



We compute these integrals separately. Substituting t = ^fi in the first integral 
gives 

= f\'"-'t^-'h{A+ - A)t,) ^dt, = rKjM,^)- (5.12) 
Jo Jo 

Substituting t = [, + Lot2 in the second integral and using the Newton binomial 
formula gives 



{^ + CVt2^-M5+{^-m)codt2 
•1 



CO 







m— 1 

E^k Tm—k—1, .kik 
k=0 



, ,m,m—l I V~' nk—i T-ni—k, ,kik—l 
k=l 



h{^+{li-Oi2)dt2 

+ {H - l,)t2) dt2 



m — 1 



CO 



k=l 



Combining lIS.lll l - ll5.13l l gives I l5.10|l . 
Now we prove Theorem l5.6l 



□ 



Proof of Theorem \5^ It is sufficient to prove the theorem for real-valued h & C], 
such that ||/i||oo < 1- 

Our objective is to show existence of a constant „, > such that 



' <Pm,h 



(5.14) 



for X e L" and y ^ L'^ with ||x||^ = 1 and 



1, where 



1 _ 1 I 1 



As 



in the case of Lemma 14.41 it is enough to prove l|5.14l l for x being off-diagonal 
upper-triangular and y being lower-triangular with r-finite left and right supports. 
If Il5.14b is proved, then the remaining argument is similar to the verbatim repeti- 
tion of the extrapolation trick in the proof of Theorem 14.11 The proof of (15.141 1 is 
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(only) computationally more difficult argument than the one in Lemma l4!4l where 
the relation (|4.2b is replaced with (|5.10l l. 

Fix £ > and factorize y = ab, where a E and b € are lower-triangular 
such that 

1 < ||fl||2 ||fo||^ < 1 + e. 

Keeping the same notation Z;^^, = E^zEji, for every z G M, and arguing exactly as 
in Lemma [4.41 we have 

Let g be the function from Lemma [4.21 Denote Xg := LiA<^(f' ~ '^)"^^Af( ^rid : = 
EA<f ~ '^)"*^fA- Applying Lemma 122] and the representation dS.lOl l yields 



m—l 



ms—ks'^—ms 



bx- 



ds, (5.15) 



where (pm,h{^'F) '■= ^m,h{}h^)- First, we estimate the integrand components. By 
employing Remark l34l and the representation Il5.11b and recalling 1 <k < m, 

\\'^<Pk,h(^ks)\\2 < ll'/'jt^/zlloolla/cslb < |l^||oo||fl||2 < ||fl||2/ 

we obtain 



Note that, by Lemma r3.2l lli1l, we have 
implies 



' <l>m,h 



Arguing as in Lemma l4!4l 



< \\a\ 



< Ca{l + \ms\) \\a\\2 

^2 



< Ca{l + \ms\ 



< Ca(l + \ms\ 



' <Pm,h 



' <l>m,h 



\a\\2 ||fo| 



(1 + e). 



By letting e — 0, we arrive at 



< Cff (1 + Imsl 



' <Pm,h 



Similarly, 



{{^^,„M))j^-ms)\<c. {l + \ms\f. 



22 POTAPOV, SKRIPKA, AND SUKOCHEV 

Employing the triangle inequality in dS.lSII , we see that 



< C« I 1 + 

< Ca,m ( 1 



\gis)\ {l + \ms\f ds 



' 'Pm.h 



This proves (15.141 1 and, hence, completes the proof of the theorem. 



□ 



The induction step. We need an extension of the decomposition l|4.4t to the case 
of higher dimensions. Let 

n 

s = {si,. . .,s„) e R„, (so,s) e S„, with So = K - ^ Sy. 



/=1 



Given h e Q, and p E Pn+i, we introduce 
where ^ e K, // = }in) e ]R"+i. 



(5.16) 



Lemma 5.8. Let n > 2, h e Q and let p e P„. Denote A = (A3, . . .,A„) e IR""^ 
fl«d assume that Ag < A2 < Aj, zf/f/z Ag 7^ Aj. T/zen t/zere are polynomials q,r e P„ 
depending only on p such that the function (pn,h,p given by l|5.2|l equals 



(5.17) 



iQ - Ai / V Aq - Ai 

We prove Lemma [5. 8 1 by reducing it to the special case n = 2 discussed in the 
lemma below. 

Lemma 5.9. Let h E Ch and let m,k E N U {0}. Let k > and A < ^ < j-i, with 
A 7^ p. Then there are q,r E Pj, such that 



" f s''h(K^ + (A - nt + (u- A)s) ds 
Jo 



q\- — ^-,K,e] h{K^+{A-mde 

\A-}i 



" r — K,cr\ h{K^+{p- ^)cr) da. 



lo \A-}i 

Here the polynomials q and r depend on m and k, hut do not depend on h. 



First, we prove the decomposition (15.171 1 and, then, auxiliary Lemma |5^ 
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Proof of Lemma l5!8l By the definitions of the functions 4'n,h,p ^rid ^n-i,h,qi we have 
integration over the simplex S„ (for which EyLo^; = 1) on both sides of | |5.17|| . 
Since Y^^q Sj — 1 — Y^j^j Sj, we can split the integral over R„ (which is defined on 
p. [TSl l into the repeated integral 

/ dsj...ds„ / ds2ds\dso, (5.18) 

Jr„-2 Jsi 

where k = 1 — EjLs Sy- We fix the point s = (S3, . . . ,s„) e Rn~2 (and, hence, fix 
K too) and consider the integrands over Sj- On the left hand side, we have the 
integrand 

/ pi(so,si,S2)/zi(soAo + siAi + S2A2) rfcTj, (5.19) 

where we set 

Pi(so,si,S2) := p(si,S2,S2,s), hi{t) --h {^+Yj^i^^ ■ 

Note that 

sqAq + siAi + S2A2 = (so + si +S2)A2 + (so + si)(Ao - A2) + si(Ai - Ao). 

Further, by recalling k = so + Si + S2, making substitution t = sq + s^, and s = si 
and setting 

Ao = A, Ai = f/, A2 = ^, (5.20) 

we see that l|5.191 becomes 

r dt p2{t,s)h{K^+{A-^)t+{ii-A)s)ds, (5.21) 
Jo Jo 

where 

P2(f,s) = pi{t-S,S,K-t). 

Note that p2 is a polynomial of two variables t and s, that is, it is a finite linear com- 
bination of monomials {"'s'^ multiplied by certain powers of fixed s (these powers 
are determined by p). Consequently, applying Lemma l5l9l we see that l l5.2Hl equals 

r q^{C,K0)h{icC+{A-C)O)de+ r r^{Z,K,a)h^{K^+{ii-Oa)da, (5.22) 
Jo Jo 

\ — ^ 

where ^ = and qi,ri G P3 are appropriate linear combinations of the poly- 
nomials from Lemma 15.91 (the precise representation for which is given in (I5.25t 
below). If we substitute now sq = 9, S2 = k — 9 in the first integral and = a, 
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S2 = K — u in the second one, and recall the equalities (15.201 1, then we see that (15.22b 
equals 

' Aq - A2 



Aq - Ai 

Aq - A2 

ri 



, K, So j hi (sqAo + S2A2) dcri 

,K,si I hi (siAi + S2A2) dai- 



hi \Xq-Xi 

Recall that p2 was obtained from p by fixing the value of s. By letting s vary, we 
obtain from qi and rj in P3 such polynomials q and r in P„ that 



P(S0,S1,S2,S)/X SoAo + SiAi+S2A2 + ^SyA^- da2 
2 V /=3 / 



Aq - A2 



SI \\o-\i 
^ / Aq - A2 

s{ VAo - Ai' 



, K, So, S ) /Z I^SqAo + S2A2 + Sj\jj dcTi 



, K, Si, s I Si Ai + S2A2 + SjXj dai. 



y=3 



Now we integrate the latter expression over Rn-2 with respect to s and obtain 
dSlTll . □ 



Poof of Lemma We first prove the case k = 1. Let us compute the integral on 
the left hand side 



LHS := C t"'dt f s^h{? + (A - +{u- A)s) ds (5.23) 
Jo io 



by substituting 



« = e + (A-Of + (F-A)s. 



We have 



1 

LHS= / rdf 







?+{/'-?)t 

g+(A-?)f 



»-g-(A-g)t 
— A 



j,i — A ' 



Next, we observe that changing the order of integration yields 



1 r5+if-i)f 
dt 



du 



lO Jf+(A-f)f 

With this change of the order, we obtain 



1 



du I dt 



du / dt. 



LHS 



? h{u) du 



M-?-(A-Oi 



t"" dt 



+ 



Further, we substitute 



fh{u)du /■! 
? F - A 



and (J 



M-g-(A-g)f 

— A 
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in the first and in the second integrals, respectively. This gives 

LHs = + (A - m de C (t - ef r dt 

Jo Jo 

+ (1-0 j\{^+{}i-^)a)da j\{\-Qa-Ztfrdt. (5.24) 

Setting 

q{^,6):=e^' [\t-6frdt and 

J 9 

r{^,cr):={l-0 - Q a - ^t f t"^ dt 

J <j 

and observing that q,r finishes the proof when k = 1. 

In order to see the case with arbitrary k > 0, we replace A, \i, and ^ in l|5.23b 
with kX\, K\i\, and K^i and substitute 

t\ = Kf, s\ = Ks, 61 = k9, and cri = Kcr. 

This gives 

tfdti fti , , , , , sUsi 



Jo i^Jo M'c?i + (Ai-?i)fi + (Fi-Ai)sO 



/ M'cfi + (Ai - / (^1 - erft'i 



d0i /■^. „ dti 



+ (1 - f M'c?! + (Fi - ^ /J ((1 - 0-1 - ^hf tf^,. 

We cancel the factor k:~"'~*^~-^ on both sides of the previous calculation and set 

q{^,K,ei) := C'^+l - eife^dh and 

r{Z,K,a^):={l-0 f {{I - Qa^ - ^hf f^dt^. (5.25) 

Observing q,r E P3 finishes the proof in the general case k > 0. □ 

We are now ready to complete the proof of Theorem l5.3l 

Proof of Theorem |531 It is sufficient to prove the theorem for real-valued h E Cj,. It 
is also sufficient to prove the theorem when H has spectrum at integral points (see 
Lemma l531 l and consider (p„fi^p only on compact sets (see Lemma l3l3]| . 

The proof is by the method of the mathematical induction with respect to n G 
N. The base of the induction, i.e., the case n = 1, is done in Theorem 15. 61 

Let us assume that n > 1 and that the theorem is proved for n — 1, that is, we 
have 

T<pn-i,i,,p ^ '^n-i,p \\h\\oo- (5-26) 
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Let 1 < an < 00 be such that 1 = ^ + + ■ ■ ■ + and let x,- € L'^i be such 
that ||x, || = 1, < < K. We shall show that 

M y 11(1; — J — 



sup 

XjGL"!, \\xj\U.<l 



< c„„. (5.27) 



Recall that (see BM ) 



/GZ"+i \;=o / 

Let e = {ex, 62, ...,€„), ej = ±1 and let C Z"+i be such that 

Ke = { ik, ...Jn)e Z"+i : Ij^x < Ij if ej = 1; Ij-i > Ij if = -1, 1 < / < «}• 

The space splits into the disjoint union of 2" sets K^, e £ { — 1,1}". Fix e. 

There is an index < je < n such that 

{k,...,ln) eKe =^ Ij^-i < Ij^ and Ij^ > Ij^+i, (5.28) 

where the decrement and increment of the indices je — 1 and + 1 are understood 
modulo n, i.e., if / = 0, then — 1 = n and if ;' = n, then ; ' + 1 = 0. Next, by 
fixing je, we further split into subsets /, / = 0, 1, where 

Ke,0 = { ik, ■.■,ln) eKe, Ij^-i < } and 

The space splits into the disjoint union of 2"+i sets Ke i, i.e., 

Z"+i = U U K^.- 

eG{-l,l}" 1=0,1 

This means that 
where 



£ 1=0,1 



We show II5.27I I for each T^''^ . This will finish the proof of the theorem. 

We fix e = (ei, . . . , e„) e {-1, 1}", fix the index je e {0, 1, ...,«} as in ll528ll , 
and let z = 0, 1. We then have 



[Iq, li,...,l„) G Ke^i 



Ij^-i < Ij^+i < Ij^ if / = 0, 
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By shifting and reversing if = 1 (as in Lemma [3.2l (IIll and ijuj) the enumeration of 
the variables Ij and operators Xj, we may assume that 

lo<h< h- 

Now we apply Lemma 15^ Let q,r e Pn be such that 

where ^ = T^rjj- Let Qn-i,h,r and Rn-i,h,q be the multiple operator integrals cor- 
responding to the right hand side functions fn-i,h,r and ^n-i,h,q- From the above 
decomposition we obtain 

We shall show that the estimate | |5.27|I holds for both Q„-i^h,r and Rn-i,h,q- 
show it for Q„-i^h/i for Rn-i,h,q the proof is similar. 

Lets = {si, . . . ,Sn) G S„_i. Since the pol5momial r(^, s) is a linear combination 
of the polynomials ri(^, s) = (1 — Q"'pi{s), with m > and pi e P„_i (see the 
integration in l|5.25b ), it is sufficient to prove l|5.27|l for Qn-iXn' i-^-' where r in 
Qn-i,h,r is replaced with ri. 

From (I5.2II and (I5.16II , we have 

Let g be as in Lemma |4j2] and let, as in Lemma [4.3[ 

^s,i = I] (h - /o)"E;o^iE/i and Xs,2 = I] (h - h)"Ei^X2Ei_^. 
By Lemma l42l 

(1 - 0"' = (j^)'" - isis) ih - h)"" ih - 10)-""' ds. 
Applying lpTi|l and of Lemma |3^ gives the reduction 

Qn-l,h,ri (^1/^2/^) = jj^^^^^^ ^~ms,l '^(pn-ijt^p-^ (^ms,2/^) ds, X = (X3, . . .,X„), 

of the problem of order n to the problem of order n — 1, i.e., Qn-i,h,ri is the integral 
of order n and T'^„_j is the integral of order n — 1. 

Recall that by the assumption of the induction, the operator T'^„_ j is bounded 
(see I I5.26II ). Recall also that by Lenmia l43l 

lk-ms,iLj < (1 + \ms\) and \\xms,2\\a2 - ^'^^ + |?«s|)^. 
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Thus, 

||Q«-l,;Vlll - ^^l^^'^)! \ms\)^ ds- \\h\\co < Cm,piAi,...,«„ ■ ll^lloo. 

The latter justifies l|5.27|l for Qn~i,h,ri and, thus, finishes the proof. □ 

We conclude our exposition with the proof of Theorem l2.1l 

Proof of Theorem^ The facts ^ [f {Ht)] e and A„j{H,V) e £} can be de- 
rived from [2,20]. We prove the second fact; the first one is even simpler. From [24, 
Theorem 1.43 and 1.45], we have 

1 



A«,/(H,V) 



{n-l)\ Jo 

where, by [2, Theorem 5.7], the operator derivative is well defined and equals 



(5.29) 



dt 



-[/(Hf)]=n!r,^^(„,(K_.^). 



n-times 



For the operator j:[„\, by Lemmas 13.5115.11 and 15.21 we have 
and, therefore. 



< 



\W„ II " \\tT 



An,f{H,V) e £i and A„j{H,V) 
We shall now justify the estimate H2.2b . Using l!5.30b in (15.29b , we see that 

A„,f{H,V) = n J\l - t)"~\^i„i{V^_^) dt. 

n-times 

By [2, Lemma 3.10], we have 

T (^A„j{H,V)) = n - tf-h I T^^^i„]{V^_^) J dt. 

\ n-times / 



(5.30) 



lw„ 



(5.31) 



(5.32) 



Thus, to show l|2.2b . it is sufficient to see that there is a constant c„ > such that 



T Z 



H -times 



< C„ 



< f < 1. 



(5.33) 



One can derive from the representation (|3.2b for T^[„] that 



t( r,^^[„i(y,...,y) 



n-times 



T I Tf,^(y_y) V I , 

n — 1 -times 



(5.34) 



where Tt^^ is the multiple operator integral associated with Ht and 

(p{\o,Ai,...,An-i) = /'"I (Ao,Ao,Ai,. . .,A„_i) 
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(for more details, see, e.g., [26, Lemma 3.8]). Noting that cj) is <p„-]_^h,p with h = 
and p(si, . . . ,s„_i) = 1 — E"Ji^ sy, from Theorem l5.3l we obtain 



n — 1-times 



< C„ 



(«) 



\V\\n^^ , < f < 1. 



(5.35) 



Clearly, ll532l l and (l535l combined with (l534l l imply (l533l . Thus, (|22J follows. To 
prove the continuity of V i— > t (^A„j{H, V)^, we notice that 



T [A„jiH,Vj) - A„j{H,V^) 
1 



(n-1)! Jo 



(1-0"~^T 



dt 



n-times 



«-times 



(5.36) 



Similarly to (|5.33t , it follows from Theorem l5.3l that 

t(^Tj^^[„](xi,...,x„)) < c« ||xi||„ ■ . .. • ||a:„||„, < t < 1, (5.37) 



for e L" and for every / e (n^'^gWj.) n B. Combining (I5.36t and 

(|5.37l l completes the proof. □ 
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